Ordering two-qubit states with concurrence and negativity 
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We study the ordering of two-qubit states with respect to the degree of bipartite entanglement 
using the Wootters concurrence - a measure of the entanglement of formation, and the negativity 
- a measure of the entanglement cost under the positive-partial-transpose-preserving operations. 
For two-qubit pure states, the negativity is the same as the concurrence. However, we demonstrate 
analytically on simple examples of various mixtures of Bell and separable states that the entangle- 
ment measures can impose different orderings on the states. We show which states, in general, give 
the maximally different predictions, (i) when one of the states has the concurrence greater but the 
negativity smaller than those for the other state, and (ii) when the states are entangled to the same 
degree according to one of the measures, but differently according to the other. 
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The entropy of entanglement is essentially the unique 
measure of entanglement for pure states of bipartite sys- 
tems pj. By contrast, a generalization of the entropy of 
entanglement to describe mixed states is by no means 
unique (even for two qubits) leading to various entangle- 
ment measures (for a review see 2J), including entangle- 
ment of formation, distillable entanglement [3, 0, and 
relative entropy of entanglement The quantification 
of mixed-state entanglement is still in early stages with 
many open questions. 

Eisert and Plenio [fj raised an intriguing problem of or- 
dering the density operators with respect to the amount 
of entanglement. Specifically, certain two entanglement 
measures E' and E" are defined to give the same state 
ordering if the condition 

E\ Pl ) < E'{p 2 ) o E"(pi) < E"{p 2 ) (1) 

is satisfied for any density operators p\ and p 2 ■ No coun- 
terexample to Eq. JIJ can be found by comparing pure 
states only, or pure and Werner states 6]. However, the 
standard entanglement measures do not give the same 
ordering in the sets of two-qubit mixed states, as first ob- 
served by applying the Monte Carlo simulation by Eisert 
and Plenio Ja, and then investigated by others in Refs. 
0, H, H El 0, D3 • Counterexamples to Eq. JTJ can also 
be constructed for d-level qudit pure states if d > 3 as 
shown by Zyczkowski and Bengtsson Q. Virmani and 
Plenio [8| proved that all good asymptotic entanglement 
measures, which reduce to the entropy of entanglement 
for pure states, are either equivalent or do not have the 
same state ordering. The property that ordering of some 
states depends on the applied measures of entanglement 
"in itself is a very surprising conclusion" |8| but is phys- 
ically reasonable as these incomparable states cannot be 
transformed to each other with unit efficiency by any lo- 
cal operations and classical communication (LOCC). 

In this paper, we present an analysis of different or- 
derings of two-qubit states induced by concurrence and 
negativity. The ordering of two-qubit states by the same 
measures has already been studied by Eisert and Plenio 
0, but by using only a numerical simulation (of 10 4 pairs 



of entangled states {pi,p 2 }). For three qubits, analytical 
counterexamples to Q are known even for pure states 

urn 

First, we briefly describe the entanglement measures 
important for our comparison. 

The entanglement of formation Ep of a mixed state 
p, according to Bennett et al. 0, 3, is the minimized 
average entanglement of any ensemble of pure states 
realizing p: 

E F (p)=Mj2Pim^i)(H) (2) 

i 

where infimum is taken over all pure-state decomposi- 
tions p = J^iPtl^i^l and E(\i>i){ipi\) is tne entropy 
of entanglement easily determined by the von Neumann 
entropy. In a special case of two qubits, Wootters Q 
proved that the entanglement of formation of a state p is 
given by a simple formula 



E F (p) = H^-[l + y/l-C*(p)]) (3) 

where H(x) = — x\og 2 x — (1 — x) log 2 (l — x) is the bi- 
nary entropy with the argument related to the Wootters 
concurrence defined by 

C{p) = max{0, A x - A 2 - A 3 - A 4 } (4) 

where the A^'s are (in nonincrcasing order) the square 
roots of the eigenvalues of p(a y (g) o , y)p*{o , y <E> cr y ); a y is 
the Pauli spin matrix and complex conjugation is denoted 
by asterisk. Both Ep(p) and C(p) range from for a 
separable state to I for a maximally entangled state. 

We also consider another entanglement measure re- 
ferred to as the negativity, which can be considered a 
quantitative version of the Peres-Horodecki criterion . 
The negativity for a two-qubit state p can be denned as 

N(p) = max{0, ~2p min } (5) 

where p m in is the minimal eigenvalue of the partial trans- 
pose of p. Similarly to the concurrence, the negativity, 
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given by ranges from for a separable state to 1 for 
a maxi mally entangled state. As shown by Vidal and 
Werner the negativity is an entanglement mono- 

tone (including convexity) thus can be considered a use- 
ful measure of entanglement. The logarithmic negativity 
defined by [13 

E N (p)=log 2 [N(p) + l], (6) 

measures the entanglement cost of a quantum state p 
for the exact preparation of any finite number of copies 
of the state under quantum operations preserving the 
positivity of the partial transpose (PPT) as proposed by 
Audenaert et al. and proved by Ishizaka for any 
two-qubit states. Moreover, the logarithmic negativity 
determines upper bounds on the teleportation capacity 
and the entanglement of distillation • 

In the following, we will analyze two-qubit states vio- 
lating the condition induced by the concurrence (the 
entanglement of formation) and negativity (the PPT- 
cntanglement cost) only. And thus by referring to 
we always mean E' = C and E" = N . 

For an arbitrary two-qubit pure state, given by 

|*> - c 00 |00) + c i|01) + cio|10) + cn|ll), (7) 

where cy are the normalized complex amplitudes, the 
concurrence and negativity are the same and simply given 
by 

N(\V)) = C(|#» = 2|c 00 cii - cfcdol. (8) 

Nevertheless, N(p) and C(p) can differ for a mixed state 
p. In general, as shown by Verstraete et al. 0], the 
negativity N(p) of a two-qubit state p can never exceed 
its concurrence C(p) and 

N(p) > V[1-C(pW+CHp)-[1-C( P )} (9) 

as presented in figures 1 and 3. The states corresponding 
to these lower and upper bounds have the minimal (max- 
imal) negativity for a fixed concurrence and for short we 
shall refer to as the MinNeg (MaxNeg) states. The class 
of the MaxNeg states can be characterized by the condi- 
tion that the eigenvector corresponding to the negative 
eigenvalue of the partial transpose of p is a Bell state 
|l3|. Apart from pure states 0, the class of the MaxNeg 
states includes the Bell diagonal states 0, Q with the 
celebrated Werner states defined by poj 

pw(p)=p\M(1>b\ + ^-i®i (io) 

where the parameter p£ (0, 1); J is the identity operator 
of a single qubit, and \4>b) is the singlet state 

\il> B ) = i(|01) - |10». (11) 

The negativity and concurrence of pwip) are equal to 
each other for any value of p as given by 

N(pw(p)) = C( Pw (p)) = max{0, }. (12) 




concurrence 

FIG. 1: Negativity versus concurrence. Interpretation of the 
marked regions is given in the text. 

Since both pure and Werner two-qubit states are the 
MaxNeg states, thus it is clear why they do not violate 
condition JQ), which is another explanation of the Eisert 
and Plenio result [||. 

The structure of the class of the MinNeg states was 
given by Verstraete et al. as a solution of the La- 
grange constrained problem for the manifold of states 
with constant concurrence. They found that the MinNeg 
states have two vanishing eigenvalues and the other two 
corresponding to eigenvectors which are a Bell state and 
separable state orthogonal to it. As an example of the 
MinNeg state, we analyze the following state Q 

p H (p) =p\^ B ){M + (1 -f>)|00><00| (13) 

where < p < 1 and \i/jb) is the Bell state given by l|llfl . 
The concurrence and negativity of pu are given by 

C(ph) = P, 

N(p H ) = V(l-P) 2 +P 2 -(1-P), (14) 

respectively, being equal to each other for p = and 
p = 1 only. The state, given by 1)13(1 . is a mixture of a 
maximally entangled state and a separable state orthog- 
onal to it as required b y th e Verstraete et al. condition 
for the MinNeg states 13] . Thus, by replacing |00) in 
(fHfl) by another separable state orthogonal to (e.g., 
by |11) or (| 00) + |01) + 1 10) + |H))/2), other MinNeg 
states satisfying (|14fl can be obtained. 

By analyzing figure 1 for a given state p\ corresponding 
to some point (C '(pi) , N (pi)) , it is easy to identify all 
other states p 2 , corresponding to points (C(p2), N(p 2 )), 
which lead to violation of 0J. E.g., the state pi described 
by point O (X) and the other states p 2 corresponding 
to an arbitrary point in regions OPR and OST (XYZ) 
violate condition Clearly, maximal violation of 
holds if one of the states (say, pi) is the MaxNeg state 
and the other (p 2 ) is the MinNeg state. To analyze the 
degree of violation of we will calculate AC{pi, p 2 } = 
C(pi) - C(p 2 ), AN{pi,p 2 } = N( Pl ) - N(p 2 ), and 

8{pi,p 2 } = -mm(0,AC{pi,p 2 }AN{pi, P2 }). (15) 
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FIG. 2: Contour plot of 5(pi,p2) vs C(pi) and C{p2) for the 
MaxNeg states pi and the MinNeg states p2- 
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FIG. 3: Negativity versus concurrence for the three classes of 
states II20II for the parameter p = 0.1, 0.2, 0.9: (a) p' where 
TV' = N(p„), (b) p", and (c) p'" where p = p„. 



In figure 2, the function 8{p\,p2) is plotted vs all pos- 
sible values of C(p\) of the MaxNeg states and C{p2) 
of the MinNeg states. A closer look at iJSJ, leads us to 
conclusions 

max \AC{p uP2 }\ = AC{p x ,p Y } = 1 - ^,(16) 

N(P1) = N( P2 ) 

/2 

max |A/V{ Pl , P2 }| = AN{p z ,p x } = 1 - ^-,(17) 

C(pi) = C( P2 ) 



forp = 1/2 ± V14/8. 

Let us also consider the following two-qubit states 

p(p,q)=p\ipB)(i>B\ + (l-p)\ip q )(i{> q \ (20) 

being a mixture of the Bell state, given by (|11[) . and the 
separable state 



(21) 



where the parameters p,q £ (0,1). The negativity of 
p(p, q) depends on both p and q according to 



N(p(p, q)) = Vl - 2p(l - p)(l - ?) - (1 - p) (22) 
while the concurrence, given by 

CG?(p,g))=p, (23) 

is clearly independent of q. In a special case for q = 0, 
Eq. H20|) goes over into Eq. l|13[l describing the MinNeg 
state, while for q = 1, l|20|) describes the MaxNeg state 
as JV(p,l) = C(p,l). 

In the following, we will analyze three classes of the 
states given by (12011 . (i) First class is formed by those 
states with the same negativity, say N'. From Eq. 1221 . 
one finds that the states p' = p(p, q'), given by l|20|) for 



N'[N' + 2(1- p)] -p 2 
2p(l-p) 



(24) 



have the p-dependent concurrence, C(p') — p, but con- 
stant negativity, N(p') — N' — const, for all p £ 
(N 1 , V / 2N'(N> + T)-N'). This result is confirmed graph- 
ically in figure 3(a) for a few choices of N'. In particular, 
for N' = k, one gets the p-parametrized (n < p < 1/2) 
states 



Pxy(p) = p P- 



(l-2p)(2V2 + 2p-l) 
8p(l-p) 



(25) 



m&x5{p 1 ,p 2 } = 5{p v ,px} = — (18) 

Pl,P2 Z 

where k = (y/2 - 1) /2, p./ (J = V, Y, Z) are the MaxNeg 
states and px is the MinNeg state having the following 
concurrences and negativities: C(pv) = N( P v) = v2/4, 
C(p z ) = N(p z ) = C{ PX ) = 1/2, and C(py) = N(p Y ) = 
N{px) = K , as depicted by the corresponding points in 
figure 1. As an explicit example of states maximally vio- 
lating QJ, one can choose px = /0#(l/2), given by l|T3)l. 
and the following Werner states (fTU|) : = /9vk(v2/3), 
Pz = Pvk(2/3), andpy = piv(l/3+\/2/6). Alternatively, 
instead of the Werner states, one can take the following 
pure states (J7J: 



|*(p)) = VF|oi) + \/T :r p|io) (19) 

which implies that py can be given by |\&(p))(^(p)| for 
p = 1/2 ± \/T+ 2^2/4; p z for p = 1/2 ± V3/4, and p v 



which are visualized by the points on the XY line in fig- 
ure 1. The states pxy(p) for p = k (corresponding to a 
MaxNeg state) and p =1/2 (MinNeg state) have maxi- 
mally different concurrences and the same negativity, 



AC{ P xy(1/2),pxy(«)}-1-^ 



V2 
2 



(26) 



(ii) To the second class belong those p" = p(p", q) having 
the same concurrence. This condition is easily fulfilled 
by fixing p = p" in l)2()[l. then the concurrence C" = 
C(p" ,q) — p" =const for all values of q, while the nega- 
tivity N(p", q) ranges from p") 2 + (p") 2 — (1 —p") 
to p" as shown in figure 3(b) for a few choices of p". 
In particular, for p" = 1/2, we get the g-parametrized 
(q £ (0, 1)) states 



pxz(?) = P(l/2,g) = - + 1^)^,1) 



(27) 
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which are described by the points on the XZ line in figure 
1. The states pxz(<?) for q = (corresponding to the 
MinNeg state) and q = 1 (MaxNeg state) have maximally 
different negativities for the same concurrence, 



A7V{ Pxz (l), Pxz (0)} = l 



V2 



(28) 



(iii) Finally, we analyze such states p'" = p(p, q'") of the 
form (12011 for which predictions concerning negativity and 
concurrence are exactly opposite to those for a given state 
p, i.e., 

AC{p,p"'} = -AN{p,pi"}. (29) 
This condition is fulfilled if the parameter q'" is given by 



q>" = 1 



[N(p) + C(p) + 1 - 2p] 2 - 1 
2p(l-p) 



(30) 



for \[C(p) + N(p)] < p < C(p) < 1 as shown in figure 
3(c). In particular, if N(p) — k and C(p) = 1/2, one 
arrives at the p-parametrized (v2/4 < p < 1/2) states 

(n s--( (1-2^(2^2 + 1-2^ 
PxvW = p [P, j (31) 

exhibiting N(pxv(p)) — \/2/2 — p and, as usual, 
C(pxv(p)) = p, which are described by the points on 



the XV line in figure 1. Predictions of the concurrence 
and negativity for the states pxv(p) with p = 1/2 (corre- 
sponding to the MinNeg state) and p = y/2/4 (MaxNeg 
state) are maximally different, as given by 



<Hpxv(~),Pxv(^)} = y, 



(32) 



which is the upper bound determined by i|18|) . 

We analyzed ordering of density matrices of two qubits 
with respect to the bipartite entanglement quantified by 
the Wootters concurrence C, a measure of the entangle- 
ment of formation, and by the negativity N, a measure 
of the PPT-entanglement cost. We have presented sim- 
ple two-qubit states p\ and p 2 (where one of them can 
be pure) having the entanglement measures different in 
such a way that (i) N(pi) = N(p 2 ) but C(pi) ^ C(p 2 ); 
(ii) C(pi) = C(p 2 ) but N(pi) ^ N(p 2 ), or (iii) the con- 
currence C(pi) is smaller than C(p 2 ) but the negativity 
N(pi) is greater than N(p 2 ). Using the bounds of Ver- 
straete et al. 0] , we have also found analytically to what 
degree the concurrence and negativity can give different 
orderings of two-qubit states. 
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